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Abstract
We formulate two-point correlation function of primordial black holes (PBHs) at
their formation time, based on the functional integration approach which has been
often used in the context of clustering of the halos. We find that the PBH clustering
on super-Hubble scales could be never induced in the case where the initial primor-
dial fluctuations are Gaussian, while it can be enhanced by the so-called local-type
trispectrum (4-point correlation function) of the primordial curvature perturbations.
1 Introduction
Thanks to the recent detections of the gravitational waves from the binary black holes
by LIGO/VIRGO collaboration, primordial black holes (PBHs) are coming to attract
attention as a candidate of such binary black hole systems. In Ref. [1] (and also see
Ref. [2]), we have estimated the merger rate of the PBH binary systems and found that
if the primordial black holes account for 0.1 ∼ 1.0% of the dark matter in the Universe,
the PBH scenario can be consistent with the first LIGO gravitational wave (GW) event,
GW150914. In the analysis in Ref. [1], we have assumed that the distribution of PBHs is
spatially uniform. As is discussed in Ref. [3] (and also [4–6])#1, if PBHs spatially clustered
at the formation, which can be characterized by the two-point correlation function, it would
affect the probability of PBH binary formation and the estimation of the merger rate of
PBH binaries.
There are several works about the initial clustering of PBHs#2. As a pioneer work, Ref.
[11] (and also Ref. [12]) has discussed the galaxy formation due to the spatial fluctuations in
PBH number density. More detailed discussion was done in Ref. [13]. Ref. [13] estimated
the PBH two-point correlation function and the power spectrum by making use of the
peak formalism developed in the context of the clustering of galaxies/halos. As a result,
the power spectrum of PBH distribution on large scales should be dominated by the
Poisson noise and it behaves as matter isocurvature perturbations. Based on such a PBH
isocurvature due to the Poisson noise, Ref. [14] puts a constraint on the abundance of PBHs
from Ly-α forest observations and also Refs. [15, 16] estimate an expected constraint on
it by making use of the future 21cm observations. Recently, Ref. [17] studied the initial
clustering of PBHs in more details and found that even on much smaller scales PBHs should
not be clustered beyond Poisson. Furthermore, Ref. [18] investigated the dependence of
the clustering feature on the shape of the primordial curvature power spectrum. While
Refs. [13, 17], and also Ref. [18] assumed the Gaussian initial fluctuations, Refs. [19, 20]
investigated the impact of the primordial local-type non-Gaussianity on the super-Hubble
density fluctuations of the PBHs, based on the peak-background split picture. Although
they found that the local-type non-Gaussianity could induce the super-Hubble correlations
of the PBH density fluctuations, they focused on a specific type of the non-Gaussianity and
did not obtained a formula for the PBH two-point correlation functions which is applicable
for more general types of non-Gaussianity. Recently, Ref. [21] has also investigated the
effect of the primordial non-Gaussianities not only on the abundance but also on the
clustering property of PBHs. In Ref. [21], the threshold of PBH formation is supposed
to be given in terms of the primordial curvature perturbations. Their result indicates
that PBHs are clustered beyond Poisson on super-Hubble scales even for the Gaussian
#1 Refs. [7, 8] have also discussed clustering of primordial black holes. These papers have investigated
observational effects of the PBH clustering, not only on the binary formation, but also on the formation
of the supermassive BHs.
#2There have been several works about the late-time clustering of PBHs, e.g., in dark matter halos (see,
e.g., Refs. [9, 10]).
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primordial curvature perturbations, which would be apparently inconsistent with the result
obtained in other previous works.
In this paper, we estimate the two-point correlation function of PBHs by making use
of a functional integration approach. This method is powerful in studying correlation
functions of the biased objects since it allows us to systematically include the effect of
the non-Gaussian properties of the underling density fluctuations [22–24]. Actually, this
approach has been also used in Ref. [21]. In the radiation dominated era, PBHs are actually
formed soon after the horizon reentry if the amplitude of primordial fluctuations is greater
than a certain threshold. The primordial fluctuations often used to study a criterion for
the PBH formation is the density contrast in a comoving slice. This quantity represents a
local three-curvature and is in good accordance with a physical argument that the PBH
formation should be determined by local dynamics (see, e.g., Ref. [25]). Thus, contrary to
Ref. [21], we employ the density contrast in a comoving slice for a critical quantity of the
PBH formation.
This paper is organized as follows. In the next section, based on the functional integra-
tion approach (or path integral method) (see, e.g., Ref. [22]), we formulate the two-point
correlation function of PBHs, which is applicable to the non-Gaussian primordial pertur-
bations. In Sec. 3, we investigate the possibility that PBHs are clustered on large scales
due to the primordial non-Gaussianities. In order to discuss how PBHs are clustered, we
simply assume the scale-independent local-type non-Gaussianity of the primordial curva-
ture perturbations and show the relation between the PBH two-point correlation on large
scales and the non-linearity parameter. Sec. 4 is devoted to the conclusion.
2 Formulation
Since during radiation dominated era PBH is formed in the overdense (or positive spatial
curvature) region with the Hubble horizon size, the criterion of PBH formation is supposed
to be locally determined independently of the super-Hubble scale fluctuations. Thus we
introduce a local smoothed primordial fluctuations θlocal(x) as
θlocal(x) :=
∫
d3yWlocal(x− y) θ(y), (1)
where the window function Wlocal(x) is a smoothing function with a scale R and also
removes the longer wavelength modes than the scale R. For PBH formation, the scale R
is roughly matched with the Hubble horizon size at the formation. In this section, to keep
generality, we do not specify a particular gauge to define the primordial fluctuations θ(x),
and assume the criterion of PBH formation is given by#3
θlocal ≥ θth. (2)
#3Strictly speaking, the threshold depends on the perturbation profile (see, e.g., Ref. [26]). In this
paper, we ignore this dependence and assume that the threshold is the same for all the profiles. This
assumption does not affect the main result of this paper.
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In the next section, we will choose the density contrast on the comoving slice as θlocal(x).
2.1 Probability of PBH formation
The probability that a point x becomes PBH can be given by
P1(x) =
∫
[Dθ]P [θ]
∫
∞
θth
dα δD(θlocal(x)− α), (3)
where P [θ] is a probability distribution function for the primordial fluctuations, θ(x), and
also the probability that two points x1 and x2 are PBHs can be given by
P2(x1, x2) =
∫
[Dθ]P [θ]
∫
∞
θth
dα1 δD(θlocal(x)− α1)
∫
∞
θth
dα2 δD(θlocal(x)− α2). (4)
By using the expression for the 1-dimensional Dirac’s delta function given as
δD(x) =
∫
dφ
2pi
eiφx, (5)
and the expression for the local smoothed fluctuations given by Eq. (1), we have
P1(x) =
∫
[Dθ]P [θ]
∫
∞
θth
dα
∫
∞
−∞
dφ
2pi
exp
[
iφ
∫
d3yWlocal(x− y) θ(y)− iφ α
]
(6)
and
P2(x1, x2) =
∫
[Dθ]P [θ]
∫
∞
θth
dα1
∫
∞
θth
dα2
∫
∞
−∞
dφ1
2pi
∫
∞
−∞
dφ2
2pi
exp [−iφ1 α1 − iφ2 α2]
× exp
{
i
∫
d3y [φ1Wlocal(x1 − y) + φ2Wlocal(x2 − y)] θ(y)
}
. (7)
2.2 P1 and P2 in terms of the n-point correlators of the primordial
fluctuations
Let us introduce a generating function given by
Z[J ] :=
∫
[Dθ]P [θ] exp
[
i
∫
d3yJ(y)θ(y)
]
= 〈exp
[
i
∫
d3yJ(y)θ(y)
]
〉 , (8)
and Z[0] = 1. The “connected” n-point correlation functions of θ(x) can be given in terms
of the generating function as
ξθ(c)(x1,x2, · · · ,xn) := 1
in
δn logZ[J ]
δJ(x1)δJ(x2) · · · δJ(xn)
∣∣∣∣
J=0
. (9)
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Inversely, we can obtain the expression for logZ[J ] in terms of the “connected” n-point
correlation functions as
logZ[J ] =
∞∑
n=1
in
n!
∫
d3y1d
3y2 · · · d3yn ξθ(c)(y1,y2, · · · ,yn) J(y1)J(y2) · · ·J(yn) . (10)
With choosing J(y) := φ Wlocal(x − y), the one-point probability of the PBH formation,
P1, can be written as
P1(x) =
∫
∞
θth
dα
∫
∞
−∞
dφ
2pi
e−iφ α Z [φWlocal(x− y)]
=
∫
∞
θth
dα
∫
∞
−∞
dφ
2pi
exp [−iφ α] exp
[
∞∑
n=2
in
n!
φn ξ
(n)
local(c)
]
, (11)
where ξ
(n)
local(c) are corresponding to the moments of θlocal;
ξ
(n)
local(c) :=
∫
d3y1d
3y2 · · · d3yn ξθ(c)(y1,y2, · · · ,yn)
n∏
r=1
Wlocal(x− yr) . (12)
In the same way, the two-point probability of the PBH formation, P2, can be expressed
as
P2(x1, x2) =
∫
∞
θth
dα1
∫
∞
θth
dα2
∫
∞
−∞
dφ1
2pi
∫
∞
−∞
dφ2
2pi
exp [−iφ1 α1 − iφ2 α2]
× exp
[
∞∑
n=2
in
n∑
m=0
φm1 φ
n−m
2
m!(n−m)!ξ
(n)
local(c),m
]
, (13)
where
ξ
(n)
local(c),m := ξ
(n)
local(c)(x1,x1, · · · ,x1︸ ︷︷ ︸
total m
,x2,x2, · · ·x2︸ ︷︷ ︸
total n−m
)
=
∫
d3y1d
3y2 · · · d3yn ξθ(c)(y1,y2, · · · ,yn)
×
m∏
r1=1
Wlocal(x1 − yr1)
n∏
r2=m+1
Wlocal(x2 − yr2) .
(14)
This can be regarded as a cross correlation between m-th and (n−m)-th moments of the
local smoothed primordial fluctuations.
In the above expression for P1, we can perform the integration with respect to φ, as∫
∞
−∞
dφ
2pi
e−iφ α exp
[
∞∑
n=2
in
n!
φn ξ
(n)
local(c)
]
=
∫
∞
−∞
dφ
2pi
exp
[
∞∑
n=3
in
n!
φn ξ
(n)
local(c)
]
e−iφ α−
1
2
φ2σ2
local
4
=∫
∞
−∞
dφ
2pi
exp
[
∞∑
n=3
in
n!
ξ
(n)
local(c)∂
n
∂(−iα)n
]
e−iφ α−
1
2
φ2σ2
local ,
= exp
[
∞∑
n=3
(−1)n
n!
ξ
(n)
local(c)
dn
dαn
]
e
−
α
2
2σ2
local√
2piσ2local
,
(15)
and then the expression for P1 can be reduced as
P1 =
1√
2pi
∫
∞
ν
dw exp
[
∞∑
n=3
(−1)n
n!
ξ
(n)
local(c)
σnlocal
dn
dwn
]
e−
w
2
2 , (16)
where w := α/σlocal, ν := θth/σlocal and σlocal :=
(
ξ
(2)
local(c)
)1/2
. For P2, we can also obtain
a reduced form:
P2(x1, x2) =
1
2pi
∫
∞
ν
dw1
∫
∞
ν
dw2 exp
[
ξ
(2)
local(c)(x1,x2)
σ2local
∂2
∂w1∂w2
+
∞∑
n=3
(−1)n
n∑
m=0
ξ
(n)
local(c),m/σ
n
local
m!(n−m)!
∂n
∂wm1 ∂w
n−m
2
]
e−
w
2
1
+w2
2
2 .(17)
2.3 PBH two-point correlation function
Let us obtain an approximate formula for the PBH two-point correlation function, by
performing the integration with respect to w in the above expressions. To do so, we
employ two approximations: (a) weak non-Gaussian limit and (b) high peak limit, in the
following discussion.
In the weak non-Gaussian limit, we assume ξ
(n)
local(c)/σ
n
local ≪ 1 for n ≥ 3. Under this
assumption, up to the linear order in ξ
(n)
local(c)/σ
n
local, we have
P1 =
1√
2pi
∫
∞
ν
dw
[
1 +
∞∑
n=3
(−1)n
n!
ξ
(n)
local(c)
σnlocal
dn
dwn
]
e−
w
2
2 +O
(
(ξ
(n)
local(c)/σ
n
local)
2
)
. (18)
With assumptions ξ
(n)
local(c),m/σ
n
local ≪ 1 for n ≥ 3 and ξ(2)local(c)(x1,x2)/σ2local ≪ 1, we can
also obtain
P2 =
1
2pi
∫
∞
ν
dw1
∫
∞
ν
dw2
[
1 +
ξ
(2)
local(c)(x1,x2)
σ2local
∂2
∂w1∂w2
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+∞∑
n=3
(−1)n
n∑
m=0
ξ
(n)
local(c),m/σ
n
local
m!(n−m)!
∂n
∂wm1 ∂w
n−m
2
]
e−
w
2
1
+w
2
2
2
+O
(
(ξ
(n)
local(c)/σ
n
local)
2
)
. (19)
Furthermore, by making use of the Hermite polynomials, Hn(x), which is given asHn(x) :=
(−1)nex2(d/dx)ne−x2 , in the above expressions, we can replace the derivatives in terms of w,
with the Hermite polynomials. Then, finally, by employing (b) the high peak approxima-
tion, ν ≫ 1, which might be naturally valid for the PBH formation, we can approximately
perform the integration in terms of w and obtain approximate expressions for P1 and P2
as
P1 ≈ e
−ν2/2
√
2piν
[
1 +
∞∑
n=3
1
2n/2n!
ξ
(n)
local(c)
σnlocal
Hn
(
ν√
2
)]
, (20)
and
P2(x1,x2) ≈ e
−ν2
2piν2
[
1 +
ξ
(2)
local(c)(x1,x2)
2σ2local
H1
(
ν√
2
)2
+
∞∑
n=3
n∑
m=0
ξ
(n)
local(c),m/σ
n
local
2n/2m!(n−m)!Hm
(
ν√
2
)
Hn−m
(
ν√
2
)]
. (21)
Then, by using the above expressions for P1 and P2, the two-point correlation function of
the PBHs can be evaluated as
ξPBH(x1,x2) :=
P2(x1,x2)
P 21
− 1
≈ H1(ν/
√
2)2
2σ2local
ξ
(2)
local(c)(x1,x2) +
∞∑
n=3
n−1∑
m=1
Hm(ν/
√
2)Hn−m(ν/
√
2)
2n/2m!(n−m)!σnlocal
ξ
(n)
local(c),m .
(22)
Note that, strictly speaking, in order for the above expression to be valid, we should require
stronger assumptions given as
ξ
(n)
local(c),m
σnlocal
≪ 2
n/2m!(n−m)!
Hm(ν/
√
2)Hn−m(ν/
√
2)
, (23)
and
ξ
(2)
local(c)(x1,x2)
σ2local
≪ 2
H1(ν/
√
2)2
. (24)
Up to the 4-point correlation function of the local smoothed primordial fluctuations,
by using an approximate form of the Hermite polynomials, Hn(x) ∼ 2nxn, for x ≫ 1, we
have
ξPBH(x1,x2) ∼ ν
2
σ2local
ξ
(2)
local(c)(x1,x2)
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+
1
2
ν3
σ3local
(
ξ
(3)
local(c)(x1,x1,x2) + (x1 ↔ x2)
)
+
1
4
ν4
σ4local
ξ
(4)
local(c)(x1,x1,x2,x2)
+
1
6
ν4
σ4local
(
ξ
(4)
local(c)(x1,x2,x2,x2) + (x1 ↔ x2)
)
.
(25)
This expression corresponds to the result obtained in Ref. [23, 24] in the context of the
halo bias. Under the assumptions given by Eqs. (23) and (24), this equation is valid for
ξPBH(x1,x2)≪ 1.
3 PBH clustering with local type non-Gaussianity
Before a quantitative discussion for the amplitude of the PBH two-point correlation func-
tion, let us first provide an intuitive idea of why we take into account up to the four-point
correlation function of the primordial fluctuations in the above formulation.
Hereinafter, as the primordial fluctuations, θ(x), in the above formulation, we use the
primordial curvature perturbations on the comoving slice, often denoted by Rc(x). In the
long-wavelength approximation, comoving density fluctuations can be given in terms of
Rc(x) as [27]
δ(x) = −4(1 + w)
3w + 5
e−5Rc(x)/2
△
a2H2
(eRc(x)/2), (26)
where w, a and H are respectively an equation of state of the Universe, scale factor and
Hubble parameter. As can be seen in the above expression, if we use the primordial cur-
vature perturbations on the comoving slice as θ(x) discussed in the previous section, a
natural variable for the local primordial fluctuations θlocal would be the comoving den-
sity fluctuations. In fact, this quantity represents a local three-curvature and is in good
accordance with a physical argument that the criterion of the PBH formation should be
determined by local dynamics (i.e. within the Hubble horizon) and be free from the addi-
tion of the super-Hubble modes By introducing a local scale factor: a eRc(x) → a [25], at
the linear order, the above expression can be reduced to
δ(x) = −4
9
1
a2H2
△Rc(x) . (27)
Here, we take w = 1/3 in the radiation-dominated era. The two-point correlation function
of δ is given by
〈δ(x)δ(y)〉 =
(
4
9a2H2
)2
△2〈Rc(x)Rc(y)〉. (28)
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Because of the two Laplacians, 〈δ(x)δ(y)〉 rapidly approaches zero for |x− y| ≫ (aH)−1
unless Rc is extremely red-tilted. Thus, in general, 〈δ(x)δ(y)〉 is suppressed on super-
Hubble scales.
Due to the locality, at the leading order in δ, PBH abundance at point x would be
determined by the local variance 〈δ2(x)〉, and then the PBH two-point correlation function
is given by the correlation of it. If δ is Gaussian, the correlation of the local variance is
given as
〈δ2(x)δ2(y)〉
〈δ2(x)〉2 − 1 = 2〈δ(x)δ(y)〉
2 , (29)
and it should be suppressed on super-Hubble scales as it can be seen by Eq. (28). Thus,
PBHs are produced by the same amount in every super-Hubble size region. In other words,
PBHs are not clustered on super-Hubble scales. If, on the other hand, δ is non-Gaussian,
the correlation of the local variance may remain on super-Hubble scales. In order to
see this explicitly, let us focus on the simple case where Rc consists of two uncorrelated
Gaussian fields φ, χ as
Rc(x) = (1 + αχ(x))φ(x). (30)
Here it is assumed that χ has super-Hubble scale correlation and φ gives a dominant
contribution to the PBH formation. For such a case, the density contrast on comoving
slice can be given as
δ(x) = −(1 + αχ(x))4
9
1
a2H2
△φ(x). (31)
For super-Hubble distance |x− y| ≫ (aH)−1, we obtain
〈δ2(x)δ2(y)〉
〈δ2(x)〉2 − 1 ≈ 4α
2〈χ(x)χ(y)〉+O(α4). (32)
There are two remarks regarding this result. First, on the super-Hubble scales, the corre-
lation of the local variance is directly proportional to the correlation function of χ. This
result simply reflects our naive intuition that a local quantity can possess correlation over
the super-Hubble distance only when the quantity is sourced by another quantity having
correlation over the super-Hubble distance. Secondly, the correlation of the local variance
is proportional to a part of the connected part of the four-point function of Rc. More
explicitly, the connected-part of the four-point function of Rc is given by
〈R2c(x)R2c(y)〉c
〈R2c(x)〉2
= 4α2〈χ(x)χ(y)〉+ 〈Rc(x)Rc(y)〉
2
〈R2c(x)〉2
(〈χ2(x)〉 − 〈χ(x)χ(y)〉)+O(α4),
(33)
and the right-hand side of Eq. (32) is obtained by ignoring terms proportional to the two-
point correlation function of Rc, 〈Rc(x)Rc(y)〉, in the above equation (i.e., only the first
term).
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In particular, if the power spectrum of χ is the same as that of φ, the parameter α is
related to the local-type trispectrum parameter τNL as τNL = α
2 [28], and Eq. (32) becomes
〈δ2(x)δ2(y)〉
〈δ2(x)〉2 − 1 ≈ 4τNL〈Rc(x)Rc(y)〉+O(α
4). (34)
Thus, the correlation of the local variance is proportional to τNL and the correlation
function of the curvature perturbation.
Notice that the bispectrum parameter is fNL = 0 in the present case, and it is actually
the trispectrum (not the bispectrum) that determines the clustering of PBHs over the
super-Hubble distance.
In the following discussion, we actually employ the local type ansatz for the non-
Gaussianities of primordial curvature perturbations. Based on our result (25), we explicitly
show the PBH two-point correlation function is proportional to τNL and the two-point
correlation function of the primordial curvature perturbations.
3.1 Primordial local-type non-Gaussianity
The local-type primordial non-Gaussianity in Fourier space#4 has been conventionally
characterized by introducing three constant parameters, so-called non-linearity parame-
ters, fNL, gNL, and τNL, which respectively represent the amplitude of the bispectrum and
trispectrum of the primordial curvature perturbations as [28]
〈Rc(k1)Rc(k2)Rc(k3)〉 := (2pi)3δ(3)(k1 + k2 + k3) 6
5
fNL [PRc(k1)PRc(k2) + 2 perms.] ,
〈Rc(k1)Rc(k2)Rc(k3)Rc(k4)〉 := (2pi)3δ(3)(k1 + k2 + k3 + k4)
×
{
54
25
gNL [PRc(k1)PRc(k2)PRc(k3) + 3 perms.]
+τNL [PRc(k1)PRc(k2)PRc(|k1 + k3|) + 11 perms.]} ,(36)
where PRc(k) is a power spectrum of the primordial curvature perturbations given as
〈Rc(k)Rc(k′)〉 := (2pi)3δ(3)(k + k′)PRc(k) . (37)
3.2 PBH power spectrum with non-Gaussian primordial fluctu-
ations
In the previous section, we have discussed the two-point correlation function of the spatial
distribution of PBHs. The two-point correlation function can be expressed by the PBH
#4We use the Fourier transform expression given by
f(x) =
∫
d3k
(2pi)3
F (k)eik·x . (35)
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power spectrum as
ξPBH(x1,x2) := 〈δPBH(x1)δPBH(x2)〉 =
∫
d3k
(2pi)3
PPBH(k) e
ik·(x1−x2) , (38)
where δPBH(x) is the number density field of PBHs, and PPBH(k) is the PBH power spec-
trum:
〈δPBH(k)δPBH(k′)〉 := (2pi)3δ(3)(k + k′)PPBH(k) , (39)
with δPBH(k) being a Fourier transform of the PBH number density field. Assuming the
statistical isotropy, the PBH power spectrum can be inversely given by
PPBH(k) =
∫
d3r ξPBH(r) e
−ik·r , (40)
where r := x1−x2. Substituting Eq. (25) into this equation and noting that we apply the
comoving density fluctuations, δ(x), to θlocal(x) used in the previous section, we obtain
PPBH(k) ≃ ν
2
σ2R
WR(k)
2Pδ(k)
+
ν3
σ3R
∫
d3p
(2pi)3
WR(p)WR(|k− p|)WR(k)Bδ(p,−k,k − p)
+
1
3
ν4
σ4R
∫
d3p1d
3p2
(2pi)6
×WR(p1)WR(p2)WR(|k − p1 − p2|)WR(k)Tδ(p1,p2,−k,k − p1 − p2)
+
1
4
ν4
σ4R
∫
d3p1d
3p2
(2pi)6
×WR(p1)WR(p2)WR(|k − p1|)WR(|p2 + k|)Tδ(p1,p2,k − p1,−k − p2) ,
(41)
where Pδ, Bδ, and Tδ are respectively power-, bi-, and tri-spectra of the comoving density
fluctuations, WR(k) is a window function smoothed with the comoving scale R = (aH)
−1
at the PBH formation in Fourier space.
For primordial local-type non-Gaussianity which is defined by Eq. (36), Pδ, Bδ, and
Tδ are respectively given in terms of the non-linearity parameters and the power spectrum
of the primordial curvature perturbations, as
Pδ(k) =
(
4
9
)2
(kR)4PRc(k),
Bδ(k1, k2, k3) =
(
4
9
)3
(k1R)
2(k2R)
2(k3R)
2 6
5
fNL [PRc(k1)PRc(k2) + 2 perms.] ,
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Tδ(k1,k2,k3,k4) =
(
4
9
)4
(k1R)
2(k2R)
2(k3R)
2(k4R)
2
×
{
54
25
gNL [PRc(k1)PRc(k2)PRc(k3) + 3 perms.]
+τNL [PRc(k1)PRc(k2)PRc(|k1 + k3|) + 11 perms.]} . (42)
Substituting Eq. (42) into Eq. (41), we have
PPBH(k) ≃
(
4ν
9σR
)2
Wlocal(k)
2PRc(k)
+
6
5
fNL
(
4ν
9σR
)3
Wlocal(k)
×
∫
d3p
(2pi)3
Wlocal(p)Wlocal(|k − p|)
× [2PRc(p)PRc(k) + PRc(p)PRc(|k − p|)]
+
18
25
gNL
(
4ν
9σR
)4
Wlocal(k)
×
∫
d3p1d
3p2
(2pi)6
Wlocal(p1)Wlocal(p2)Wlocal(|k − p1 − p2|)
× [3PRc(k)PRc(p1)PRc(p2) + PRc(p1)PRc(p2)PRc(|k − p1 − p2|)]
+
τNL
3
(
4ν
9σR
)4
Wlocal(k)
×
∫
d3p1d
3p2
(2pi)6
Wlocal(p1)Wlocal(p2)Wlocal(|k − p1 − p2|)
× [6PRc(k)PRc(p1)PRc(|p1 + p2|) + 6PRc(p1)PRc(p2)PRc(|k − p1|)]
+
54
25
gNL
(
4ν
9σR
)4
×
∫
d3p1d
3p2
(2pi)6
Wlocal(p1)Wlocal(p2)Wlocal(|k + p1|)Wlocal(|p2 − k|)
×PRc(p1)PRc(p2)PRc(|k + p1|)
+
τNL
4
(
4ν
9σR
)4
×
∫
d3p1d
3p2
(2pi)6
Wlocal(p1)Wlocal(p2)Wlocal(|k + p1|)Wlocal(|p2 − k|)
11
× [4PRc(p1)PRc(p2)PRc(k)
+4PRc(p1) (PRc(p2)PRc(|k + p1 − p2|) + PRc(|k + p1|)PRc(|p1 + p2|))] ,
(43)
where Wlocal(k) := (kR)
2WR(k). For kR ≪ 1 limit, which we focus on in this paper,
noting that we can take Wlocal(k)→ 0 and |k + p| → p, the above expression becomes
PPBH(k) ≃ τNL
(
4ν
9σR
)4 [∫
d3p
(2pi)3
Wlocal(p)
2PRc(p)
]2
PRc(k) + (k − independent terms)
= τNL
(
4ν
9
)4
PRc(k) + (k − independent terms) . (44)
Thus, in the case where the primordial curvature perturbations have the local-type non-
Gaussianity parameterized by τNL, the PBH power spectrum does not decay even on
super-Hubble scales and is proportional to the power spectrum of the primordial curvature
perturbations. Inversely, the two-point correlation function of the PBHs are obtained as
ξ
(2)
PBH(r) =
∫
d3k
(2pi)3
PPBH(k)e
ik·r = τNL
(
4ν
9
)4
ξ
(2)
Rc
(r) + C δ(3)(r), (45)
where a constant, C, is corresponding to the k-independent terms in Eq. (44). The typical
value of the enhancement factor is τNLν
4 ∼ O(106)× (τNL/103). Thus, if the τNL-type non-
Gaussianity exist, it would give a large effect on the clustering behavior of PBHs even on
super-Hubble scales (r ≫ R) at the formation.
4 Conclusion
We investigated the clustering behavior of PBHs at the formation during the radiation
dominated era. Since during radiation-dominated era PBHs would be formed from the
direct collapse of the overdense region with the Hubble scales, for PBH clustering, super-
Hubble fluctuations might be important. We formulated the two-point correlation func-
tion of PBHs by making use of a functional integration approach which takes into account
the non-Gaussian property of the primordial fluctuations. Our result shows that PBHs
are never clustered at the formation as long as the primordial fluctuations obey Gaussian
statistics and the super-Hubble two-point correlation function is induced by the connected
part of the 4-point correlation function of the primordial fluctuations. In order to evaluate
the super-horizon two-point correlation function of the PBHs quantitatively, we considered
the non-Gaussian primordial perturbations of the local type up to the four-point func-
tion(trispectrum) parametrized the two-constant parameters, gNL and τNL. We found that
the τNL-type non-Gaussianity determines the super-Hubble two-point correlation function.
Thus, for the estimation of the clustering behavior of PBHs, we should carefully investi-
gate the non-Gaussian property of the primordial fluctuations which strongly depends on
the generation mechanism such as inflation model.
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